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It is clear that the property of a quadric surface being a cone is a protective property ; and the same is true of the property of a point beino- a vertex of a cone. Hence from the classification we have just given we infer
THEOREM 2. The rank of a quadric surface is unchanged "by non-singular collineations.
EXERCISES
1.   DEFINITION.   If a plane p is the polar of a point P with regard to a quadric surface, then P is called a pole of p.
Prove that if the quadric surf ace is non -singular, every plane has one, and only one, pole.
2.   Prove that if the quadric surface is a cone, a plane which does not pass through a vertex has no pole.
What can be said here about planes which do pass through a vertex ?
41. Reduction of the Equation of a Quadric Surface to a Normal Form. Since cross-ratio is invariant under a non-singular collmea-tion, a quadric surface S, a point P, not on S, and its polar plane with regard to S, are carried over by any non-singular collineation into a quadric surface /S", a point P', and its polar plane with regard
to Sf. A point (yv y^ y& y^) not on the quadric surface ILa^Xj = 0, cannot be on its own polar plane 2%^yy = 0 as we see by replacing
the x's in this last equation by the y's. Now transform by a collineation so that this point becomes the origin and its polar plane the plane at infinity.* The quadric surface will now be a central quadric with center at the origin, since, if any line be drawn through the origin, the two points in which this line meets the surface are divided harmonically by the origin and the point at infinity on this line.
The equation of the polar plane of the point (y/, y%, y^ y^) with regard to the transformed quadric
zaXjX' = 0
is                                    f
* Such a collineation can obviously be determined in an infinite number of ways          I
by means of the theorem that there exists a collineation which carries over any rive          j
linearly independent points into any five linearly independent points ; cf . Exercises 2.          j
'